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Abstract.Collisions between solid objects in machine building, technology and everyday life are widespread. 

However, analysis of the movement of solid objects by analytical methods is difficult even in the case of plane 

motion. The main problem arises when the collision process occurs with several successive impulse points. Then 

the points of the collision contact move along the surface of the object. Therefore, the equation of the boundary 

conditions must be solved. In these cases, the only sensible option is to perform experimental investigations or 

simulations by computer programs. In the first part of this work, 3DOF’s solid body movement is analysed in a 

vertical or horizontal plane with collisions against the walls of a fixed or moving endless mass container. 

Different body shapes with convex and concave sections are considered. Graphical analysis of displacements, 

velocities and accelerations is given. Opportunities for object orientation or transport on the bottom edge of the 

container are displayed. The second part deals with the movement of several solid bodies in a closed or open 

container. Opportunities and problems in the analysis of many DOF systems are shown. The third part of the 

thesis contains simple movement experiments that give good accuracy to theoretical modelling results. The 

difference can be explained by the properties of real objects, such as the change of the slip friction coefficient in 

the impact. The work results can be used in machine building and robot technology.  
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Introduction 

Simple few solid body collision mechanics can be analysed by using classical mechanics formulas 

and calculated analytically, or by using mathematical software like Mathcad or similar. At one point in 

the solid body collision process, if the task is getting more complicated, like with more specific bodies 

with various shapes and mechanical properties and boundaries, the solid body collision processes 

analytical solution is only possible in the case of complete motion analysis [1-4]. However, there are 

also many (up to seven) cases of collision in further discussed problems. To find them, it is necessary 

to know the initial condition of the movement, the body configurations and the material mechanical 

properties, nevertheless, it is important to estimate degrees of freedom in the model. It is necessary to 

use iterative calculations at the previous collision point for the series-type collision process, changing 

the initial state of the sub-steps [5].The question of how to analyse concurrent collisions at several 

points analytically is explored [6]. In all these cases there are the following problems [4-7]: one-sided 

impact interaction in the normal direction; stop the interaction in the equilibrium area; the tangential 

direction of the points of contact must be respected. Non-linear dynamics research plays a significant 

role in addressing vibro-impact systems. This includes analysis, optimization, and synthesis of non-

linear systems that expand non-harmonious forms of excitation forces and new nonlinearities in elastic 

and collision elements [8-11]. 

Despite these difficulties, the engineers invent and implement various technological processes 

with collisions of several large and small objects. For example, collision in vibro-transport, vibro-

separation, vibro- polishing is widely used (Fig. 1.and Fig. 2.) [12;13], but it could be used in the same 

way for analysing any other multibody collisions. Today’s environment is offering various solutions 

for this. In this article we will look at some possibilities of using Mathcad, Working Model 2D and 

other 3Dsimulation programs[14-17]. 

  

Fig. 1. Linear vibrating separator [12] Fig. 2. Elements of vibro - polishing [13] 
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Materials and methods 

In this section, as the first method, the possibility of modeling the material layer motion with 

MathCAD is considered. It has been shown that selecting a very small integration step can be used as 

a sticking, sliding and jump mode. Accordingly, the next section of the Working Model 2D program 

shows an example of 60-degree system (60DOF) modeling. Here, periodic movement was found, as 

well as non-periodic movement of the system with variable structure. In the latter case, the number of 

degrees of freedom varies from 60DOF to zero.  

Flat container and flat material model analytical analysis method 

Bulk material model is shown in Fig. 3. For analytical calculation two degrees of freedom model 

can be used in the next form (1), (2):  

 
 Fig. 3. Sample model: 1 – container; 2 – different parts of material 

 ( ) ( ) ςα axvbxNfmgxm −⋅⋅−⋅⋅−⋅−= &&&& 0signsin ,  (1) 

 ( ) ηα ayvbNmgym −⋅⋅−+⋅−= &&& 0cos ,  (2) 

where m – mass of bulk material;  

x, y, ẋ, ẏ, ẍ, ÿ – relative coordinates, relative velocity v and relative acceleration 

components; 

 g – free fall acceleration;  

 α –containers surface angle along horizon;  

 N – normal reaction;  

 f – dry friction coefficient;  

 b0 – air resistance coefficient;  

 aς, aη – containers acceleration components. 

For one – sided normal reaction N the next relationship can be recommended (3): 

 ( ) ( )( )ybycybycN && ⋅−⋅−⋅+⋅⋅−⋅−= sign5.05.0 , (3) 

where c, b – one sided containers surface interaction elasticity and damping. 

Some modelling results for only vertical containers harmonica motion are shown in Fig. 4-6.  

 

Fig. 4. Material vertical displacement y at harmonic motion η of container 
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Fig. 5. Example of normal interaction N generated power in system SI:  

m = 1; α = 0; c = 1500; b = 2; max(aη) = 1.5·g 

 

Fig. 6. Horizontal velocity components Vζ, vx of material  

at two components harmonic motion of container 

 

Fig. 7. Vertical velocity relative and absolute components Vη, vy  

of material at two components harmonic motion of container 

Vibration analysis by Working Model 2D 

Similarly to the previously described analytical model analysis of similar systems to the 

previously mentioned in paragraph one can be modeled in various solutions that offer 2D visual 

simulations. For us Working Model 2D programme is available that allows to create forms of rigid 

bodies, defines body interactions and applied forces. Engineers by using this kind simulation are able 

to model similar or even more complex cases. In addition, to get the opportunity to monitor the 

process in visual representation and at the same time analyze each body and its interactions separately. 

The movement patterns of the processing and discharge processes are shown in Figures 8 - 12. 

Comments on the movement of the container and the descriptions of the technological process are 

given below all images. 
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Fig. 8. Vertical flight mode for bulk material:  

1 – container; 2 – processing material;  

3 – polishing object; 4 – guide rods; 5 – spring 

system; 6 – circulating excitation force 

Fig. 9. Bulk material collision with 

container bottom: 3 – polishing object 

  

Fig. 10. Polygon horizontal velocity  

as function of time 

Fig. 11. Polygon vertical velocity  

as function of time 

 

Fig. 12. Case of variable structure modeling, where number of degrees  

of freedom varies from 60 to zero 
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Results and discussion 

1. It is possible analytically to describe the collision processes of objects with the MathCAD 

program, if the rough material is viewed in the approximate movement of the mass center. It is 

shown that selecting a very small integration step can be used as a sticking, sliding and jump 

mode. 

2. A harmonious force conveniently initiates the movement of a vertical vibrating container. It is 

possible to calculate the power of the process analytically. 

3. For the modeling of complex movements, taking into account the collisions and impacts against 

the walls of the container, the use of the Working Model 2D is effective. Here, periodic 

movement was found, as well as non-periodic movement of the system with a variable structure, 

when the number of degrees of freedom varies from 60DOF to zero.  

4. To get even more realistic visual representation of multibody collision interactions and processes 

in vibratory model nowadays it is very comfortable to use mechanical 3D simulation software that 

allows completely get visual representation and understanding of processes in the described 

model. Of course, it is very important to describe the model as realistically as possible, by leaving 

rigid body mechanics and defining the material elastic properties for each body. 

5. Depending on the algorithms used and the model complicity, the body amount and defined task 

can be more computer resource esurient, but the awaited result, if the solution is found is most 

realistic and from the previously discussed modelling, the 3D solution gives real life 

representation of processes in the model.  

6. One from the software that can be used is SOLIDWORKS Motion [17], where it is possible to 

create realistic 3D models of interacting bodies and define their real life mechanical properties. 

This software is using iterative solver that calculates each step based on the defined time step. 

Conclusions 

1. The MathCAD program can be applied in the analysis of the vibro-impact mechanisms, where a 

small computational step with sufficient accuracy can follow sliding, stopping, moving and 

bouncing of objects. 

2. The MathCAD program allows optimization of the technological process by selecting the 

excitation parameters. 

3. It has been shown that in the very complex analysis of collision processes till 60 degree of 

freedom and more, the use of the Working Model 2D program is effective. 

4. The results and explanations from this study are useful for analyzing and synthesizing new 

technological processes that need to assess the effectiveness of many collision systems, including 

energy consumption or extraction. 
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